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Abstract 
Currently, geosynthetic reinforcements are calculated assuming the backfill to be purely frictional. However, accounting for the 
presence of even a modest amount of cohesion may allow using locally available cohesive backfills to a greater extent and less 
overall reinforcement. Unlike purely frictional backfills, cohesive soils present are subject to the formation of cracks that tend to 
reduce slope stability which therefore need to be properly accounted for in any slope stability assessment. 
Utili & Abd [1] derived a semi-analytical method for uniform c-I slopes accounting for the presence of cracks that provides the 
amount of reinforcement needed as a function of soil cohesion, tensile strength, angle of shearing resistance and slope inclination 
employing the limit analysis upper bound method.  
In this paper the formulation is extended to the seismic case, accounting for earthquake action by employing the pseudo-static 
approach. Ready to use design charts providing the value of the required reinforcement are plotted for both uniform and linearly 
increasing reinforcement distributions. From the results it emerges that accounting for the presence of cohesion allows significant 
savings to be made, but the presence of seismic action may require considerable additional reinforcement. 
© 2017 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the scientific committee of the International conference on Transportation Geotechnics and 
Geoecology. 
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The use of geosynthetics with the aim of increasing the shear strength of cohesive soils has been investigated by 
several authors [2-5]. Also, substantial experimentation has been performed during the last decade to investigate the 
behaviour of geotextile reinforced cohesive slopes [6-8]. In particular non-woven geotextiles and geogrids of sufficient 
tensile strength have been proved to be effective at increasing the strength of cohesive soils [9][10]. However, in the 
methods currently available in the literature, reinforcements are still calculated assuming soils to be cohesionless [11-
13]. This conservative assumption is due to the fact that geosynthetics were initially conceived for cohesionless 
granular soils and that the first design guidelines published for geosynthetic reinforced earth structures disregard the 
beneficial effect of cohesion (e.g. [14]). However, the recent edition of AASHTO LRFD bridge design specifications 
[15], allows for the inclusion of cohesion in the design of geo-reinforced slopes although unfortunately no formulae 
are provided for this purpose. However Anderson et al. [16] show that an amount of cohesion as small as 10 kPa can 
reduce the thrust against an earth structure of up to 50-75% for typical design conditions.  
Prompted by these findings Abd and Utili [1] derived a semi-analytical method for uniform c-I slopes accounting 
for the presence of cracks that provides the amount of reinforcement needed as a function of soil cohesion, tensile 
strength, angle of shearing resistance and slope inclination employing the limit analysis upper bound method. In this 
paper the formulation is extended to the seismic case, accounting for earthquake action by employing the so called 
pseudo-static approach [17]. 
 
Nomenclature 
c soil cohesion  
ܦሶ  total energy dissipation rate.  
ܦሶ ௥ሺ஻ି஼ሻ energy dissipation rate within the reinforcement along B-C. 
ܦሶ ௥ሺ஼ି஽ሻ energy dissipation rate within the reinforcement along C-D. 
ܦሶ ௦ሺ஻ି஼ሻ energy dissipation rate within the soil along B-C due to crack formation. 
ܦሶ ௦ሺ஼ି஽ሻ energy dissipation rate within the soil along C-D. 
H slope height. 
h crack depth, measured from the upper slope surface. 
K generic average tensile strength of reinforcement at any depth within slope height. 
Kt average tensile strength of reinforcement for UD. 
Kh coefficient of horizontal seismic acceleration. 
KV coefficient of vertical seismic acceleration. 
LA         Limit analysis. 
n number of reinforcement layers. 
r radius of the log-spiral part of the failure surface. 
ݎఞ reference radius of the log-spiral part. 
ݎ఍  distance from logspiral centre of rotation (point P) to the crack tip. 
ݎజ distance from logspiral centre of rotation (point P) to the slope toe. 
T tensile strength of reinforcement layer per unit width. 
t dimensionless coefficient representing the tensile strength of soil. 
ሶܹ  external work rate. 
y vertical upward coordinate departing from the slope toe. 
ߚ slope face inclination. 
ߛ unit weight of soil. 
ߟ angle between the crack and the velocity vector. 
ߠ generic angle of the failure surface along the log-spiral part. 
ߠሶ  angular velocity of the failing wedge. 
ߞ minimum angle for the logspiral failure surface also identifying the crack depth. 
߭ maximum angle for the logspiral failure surface.  
߶ angle of shearing resistance (also sometimes called internal friction). 
߯ minimum angle for the logspiral D-F. 
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2. Problem formulation 
There are two main approaches to investigate the stability of geosynthetics-reinforced slopes: one where the local 
equations of equilibrium for an equivalent continuum formed by ground and reinforcement together are derived via 
homogenization techniques (e.g. [13]), called continuum approach by Michalowski and Zhao [18], and another one, 
to be used here, where ground and geo-reinforcement are considered as two separate structural components, called 
structural approach [18]. Limit analysis can be used with both approaches. In this paper the structural approach is 
employed together with the kinematic (upper bound) method of limit analysis to obtain lower bounds on the required 
strength of reinforcement. 
Limit state analyses are based on considering mechanisms in which the material reaches the limit state and the 
collapse is imminent. Such mechanisms are then kinematically admissible only when the forces in the reinforcement 
layers reach their limit (equal to tensile strength or the pullout force). Therefore, the reinforcement force distribution 
coincides with the distribution of reinforcement strength [11]. A common choice is to employ reinforcement layers of 
equal strength laid at equal spacing or at a spacing decreasing linearly with depth. The former case gives rise to a 
uniform load distribution (UD) while the second one to a load distribution increasing with depth (LID) (see Fig. 1). 
Another scenario is the adoption of reinforcements laid at equal spacing whose strength increases (linearly) with depth 
which also gives rise to LID. Neglecting the (little) influence of the overburden stress on the strength of the 
geosynthetics for sake of simplicity [11] in case of UD, the reinforcement tensile strength, K, can be determined as: 
t
nT
K K
H
     (1) 
with being the number of reinforcement layers, T the strength of a single layer at yielding point and ܪthe slope 
height. 
 
 
Fig. 1. Geosynthetic-reinforcement layouts. (a) Uniformly distribution (UD), and (b) Linearly increasing distribution (LID) with depth. 
In case of a LID reinforcement instead: 
 
2 t
H y
K K
H
    (2) 
with y the vertical upward coordinate departing from the slope toe. 
Geosynthetic reinforced slopes are subject to three main possible failure modes: reinforcement rupture, pull out 
failure, and direct sliding. In this paper, a rupture failure will be assumed in order to design the amount of geo-
reinforcement. Traction-free uniform c-I slopes with an inclination angle (β), ranging from 45° to 90° and reinforced 
with geosynthetic layers are here considered. Note that any surcharge loads could be accounted for by a slight 
extension of the formulation presented. Following [19], two types of cracks will be considered: cracks existing in the 
slope before the formation of any failure mechanism, here called pre-existing cracks, and cracks forming as part of 
the failure mechanism due to the exceedance of ground tensile strength, here called tension cracks. Cracks will be 
treated as no-tension non-cohesive perfectly smooth (no friction) interfaces; therefore the angle η between the velocity 
vector of the mass of soil sliding away and the crack surface is 0°< η <180°. The wedge E-B-C-D is assumed to rotate 
as a rigid body around point P whose location is yet to be determined. Experimental tests in the centrifuge provide clear 
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evidence that this is the failure mechanism taking place in georeinforced slopes [20-22]. The log-spiral D-C is 
described by the following expression: 
 exp tanr rF I T F ª º¬ ¼    (3) 
where ߠ and ߯ are the angles made by ݎ and ݎఞ respectively with the horizontal axis, ݎ is the distance between the 
spiral centre, point P, and a generic point on the log-spiral slip surface, and ݎఞis the length of the chord P-F.  
 
Fig. 2. (a) Rigid rotational failure mechanism in a reinforced slope subject to a crack (B-C). The mass of soil enclosed by (E-B-C-D) rotates 
clockwise around point P. 
 
3. Derivation of the semi-analytical solution 
According to the kinematic theorem of LA, the highest (best) lower bound to the required reinforcement can be 
derived from the following energy balance equation:  
D W    (4) 
whereܦሶ  and ሶܹ are the internal energy dissipation rate and the external work rate respectively. ܦሶ  is here calculated 
as follows: 
       B C B C C D C DD Ds Dr Ds Dr          (5) 
with ܦሶ ݏሺ஻ି஼ሻ and ܦሶ ݎሺ஻ି஼ሻ being the energy rates dissipated along the crack by ground and reinforcement respectively 
and ܦሶ ݏሺ஼ି஽ሻ and ܦሶ ݎሺ஼ି஽ሻ  the energy rates dissipated along the log-spiral part C-D (see Fig. 2) by ground and 
reinforcement respectively.  
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With regard to ܦሶ ݏሺ஻ି஼ሻ: if the crack is pre-existing  the formation of the failure mechanism, no energy is dissipated 
by the ground so ܦሶ ݏሺ஻ି஼ሻ ൌ Ͳ; conversely if the (tension) crack opens up because the ground tensile strength is 
exceeded, energy is dissipated: ܦሶ ݏሺ஻ି஼ሻ ് Ͳ [19]. Considering tension cracks, it is well known that the uniaxial tensile 
strength, here called ௧݂, predicted by the Mohr-Coulomb (M-C) failure criterion for cohesive soils, ௧݂ ൌ ܿȀሺ߶ሻ, 
represents a significant overestimation of the real soil tensile strength. In fact, experimental evidence shows that a 
linear failure envelope is unsuitable to describe the tensile strength of cohesive soils because it is highly non-linear. 
To partially remedy this shortcoming yet using the linear M-C criterion, a tensile limit is commonly added. 
Michalowski [19] proposed to limit the M-C envelope with the stress circle obtained from an unconfined uniaxial 
tensile strength test (see Fig. 3). This composite failure criterion (circle plus M-C straight line) is sufficiently 
realistically non-linear in the tension zone and on the other hand lends itself to LA calculations. Accordingly, the 
energy expended for the formation of a tension crack,  B CDs   turns out to be [19]:  
 
2
2
3 3
sin 1 sin sin sin
tan 2 cos 1 sin cos
M C
c t
B C
f f
Ds r d d
] ]
F P P
F T T IT T TP T I T


§ ·§ ·   ¨ ¸¨ ¸ © ¹ © ¹³ ³   (6) 
with ߤ being the angle made by the segment P-B with the horizontal (see Fig. 2), M Ccf   being the unconfined 
compressive strength according to the M-C envelope and tf  the unconfined tensile strength as measured from 
laboratory experiments. It is convenient to introduce a dimensionless coefficient, t, defined as the ratio of the 
unconfined tensile strength measured in laboratory experiments, tf  over the unconfined tensile strength according to 
the M-C envelope, M Ctf
  (see Fig. 3a): 
t
M C
t
f
t
f 
   (7) 
It is straightforward to observe that 0<t<1. Both M Ccf
  and M Ctf
  are uniquely related to c and I: 
cos
2  
1 sin
M C
cf c
I
I
 § · ¨ ¸© ¹
                     cos2  
1 sin
M C
tf c
I
I
 § · ¨ ¸© ¹
  (8) 
Now substituting equations (7) and (8) into Eq. (6), the following expression is obtained for the energy dissipated 
in the ground due to the formation of a tension crack:  
   
2
2
3
2
2 3 3
sin cos 1 sin 2 cos sin
, ,
sin
tan 1 sin cos 1 sin co
,
s
,B C
t
Ds gd rc d c tr
] ]
F P FP
F I T I T TIT T TP I F X ] IT I T
§ · § ·  ¨ ¸ ¨ ¸ © ¹ ©  ¹³ ³  (9) 
To calculate the energy dissipated by the reinforcement along the crack, it does not matter whether the crack is pre-
existing or tension induced. The energy dissipated turns out to be [18]:  
     2 2 2 2 41 1exp 2tan sin sin , , ,2 2t tB CDr K r K r gF FT I ] F ] F T F X ] I ª º    ª º¬ ¼¬ ¼   (10) 
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The expression for the energy dissipated in the ground along the log-spiral part of the failure mechanism (see log-
spiral C-D in Fig. 2), ܦሶ ݏሺ஼ି஽ሻ, is provided by Chen [23]:  
       2 2 1exp 2tan exp 2tan  , , ,2tanC DDs c r c r gF F
I X FT I ] F T F X ] II
ª º¬ ¼   ª º¬ ¼   (11) 
where ߠሶ  is the angular velocity of the sliding wedge, ߭ and ߞ are the angles made by ݎజ and ݎ఍  with the horizontal line 
respectively. 
 
   
Fig. 3. Modified Mohr-Coulomb failure envelope for: (a) soil of full unconfined tensile strength; (b) soil of zero tensile strength (tension cut-off), 
based on [21]. 
The energy dissipated by the reinforcement over the log-spiral part of the failure mechanism (C-D) is calculated by 
integrating the product of the infinitesimal increment of reinforcement strain rate with the reinforcement tensile 
strength, T, averaged over the slope height. The following expression is obtained [20]: 
        2 2 2 2 21 exp 2tan sin exp 2tan sin , , ,2 t tC DDr K r K r gF FT I X F X I ] F ] T F X ] I      ª º ª º¬ ¼ ¬ ¼  (12) 
Note that the reinforcement layers lying above the centre of rotation P, are subject to compressive stresses and 
therefore buckling, hence they are discarded in the calculation of ܦሶ ݎ [11].  
The rate of external work for the sliding wedge E-B-C-D, ሶܹ ௘௫௧ , is calculated as the work of block E-D-F minus 
the work of block B-C-F. The work of block E-D-F is calculated by algebraic summation of the work of blocks P-D-
F, P-E-F and P-D-E [23]. The work of block B-C-F is calculated by algebraic summation of the work of blocks P-C-
F, P-B-F and P-C-B [24], [25]. To account for the seismic action, in addition to the weight force, a horizontal pseudo-
static force, ܨ௉ௌ ൌ ݉ܭ୦ ൌ ߛܭ୦ܣ, with m being the mass of the wedge, Kh the coefficient of horizontal seismic 
acceleration and g the gravitational acceleration, and a vertical one, ܨ௉ௌ ൌ ݉ܭ ൌ ߛܭܣ , with Kv being the 
coefficient of vertical seismic acceleration need to be considered [26]. The calculation of the expressions for ሶܹ ௘௫௧  for 
each block is provided in Utili and Abd [27]. Here the final expression is recalled: 
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v 1v 2v 3v 4v 5v 6vh 1h 2h 3h 4h
3
5h 6h
1
ext
K f f f f f f
K f f f f
W r
f fF
TJ      ª º « » ¼

 ¬  
  (13) 
with f1v, f2v, … f6v and f1h, f2h, … f6h accounting for the external work done by the vertical and horizontal forces 
respectively. Their expression is given in Appendix A of [29]. 
Substitution of the various energy rate contributions calculated into the energy balance equation (Eq. (4)), provides 
the objective function to be optimised to design the geo-reinforcement. Substituting Eq. (5) and Eq. (13) with their 
components into Eq. (4) and rearranging, leads to determine Kt: 
  
 
   
v 1v 2v 3v 4v 5v 6v
h 1h 2h 3h 4h 5h 6h 1 2
3 4
3 4
1
, , , , , / , , ,t h v
K f f f f f f
K f f f f f fK g gc
f c H t K K
HH H g gg g
rF
F X ] E I JJ J
ª º« »¬
      
     § ·   ¨ ¸© ¹
¼  (14) 
Note that ݂ሺ߯ǡ ߭ǡ ߞǡ ߚǡ ߛ௪ ߛΤ ǡ ߶ǡ ܿ ߛܪΤ ǡ ݐሻ, depends on three ground parameters: internal friction angle, ߶, cohesion, 
ܿ, and tensile strength, ݐ.  
 
4. Reinforcement design 
The lower bounds on the required reinforcement expressed in dimensionless form, tK HJ , obtained by the 
minimisation of  v, , , , , / , , ,hf c H t K KF X ] E I J  subject to the physical constraint of the crack depth not exceeding 
the maximum crack depth, are plotted in Fig. 4 against an assigned level of soil cohesion for the case of initially intact 
slopes subject to tension crack formation and slopes with deep pre-existing cracks respectively. The constraint on the 
maximum crack depth stems from the fact that crack depth is limited because for a crack to exist, its faces need to be 
a stable slope in itself (see B-C in Fig. 2). Lower and upper bounds on the maximum depth admissible for a stable 
vertical crack were calculated by Terzaghi [28] and Michalowski [19] using the static and kinematic methods of limit 
analysis respectively. In the search of the failure mechanism, we prescribed the following upper bound to the 
maximum crack depth, hmax: 
3.83
tan
4 2max
c
h
S I
J
§ · ¨ ¸© ¹
                                                                                                                       (15) 
Note that assuming an upper (rather than a lower) bound on the maximum crack depth is a conservative assumption. 
The charts in Figure 4 obtained for ߶=20° cover the whole spectrum of cohesive geomaterials ranging from c=0, for 
cohesion-less materials, e.g. a granular fill, to values of cohesion so high that reinforcement is not needed (where the 
lines intersect the horizontal axis). Although the general formulation here provided covers the case of both vertical 
and horizontal accelerations, all design charts here presented were obtained assuming no vertical acceleration (Kv=0) 
for sake of simplicity. Note that at c = 0 all the three lines depart from the same point since in case of zero cohesion, 
no cracks can form. The three lines, dotted line for the case of pre-existing cracks being present, dashed lines for intact 
slopes subject to crack formation and solid lines for intact slopes not subject to cracks, tend to diverge for increasing 
cohesion. This is because at higher values of cohesion, the influence of  B CDs    in the energy balance equation (see 
Eq. (4)) is larger, which in turn makes the difference between the case of slopes subject to pre-existing crack (
  0B CDs   ) and of initially intact slopes subject to the formation of tension cracks (   0B CDs  z ) larger. In the latter 
case, higher values of cohesion also imply a larger influence of the ground tensile strength on slope stability (see the 
lines for t=1 and t=0 in Fig. 4).  
 
905 Akram H. Abd and Stefano Utili /  Procedia Engineering  189 ( 2017 )  898 – 907 
 
    
    
Fig. 4. Normalized required reinforcement versus normalised soil cohesion for a slope with ϕ=20˚ and uniform distribution of reinforcement: (a) 
for β=45˚, (b) for β=60˚, (c) for β=75˚, and (d) for β=90˚. 
From the charts emerges that seismic action affects gentler slopes to a much greater extent than steep slopes so that 
even for high levels of cohesions the reinforcement required for stability tend be significantly higher. For instance 
considering the case of a slope with 45E  q  with a modest amount of cohesion, 0.05c HJ  , the reinforcement 
required in the static case is 0.02tK HJ   but in the presence of a seismic action of Kh=0.3, 0.21tK HJ   so ten 
times higher. Another aspect emerging from the charts is the effect of the presence of pre-existing cracks. Looking at 
Figure 4d, emerges that the seismic action tends to reduce the influence of pre-existing cracks on the stability of the 
slopes, since the distance of the curve for the case of pre-existing crack (dotted line) and the one for intact slope subject 
to crack formation (dashed line) and intact slope not subject to the formation of cracks (solid line) tend to become 
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closer with increasing seismic intensity. The interpretation we propose for this finding is that seismic action makes 
the slope less stable overall (so more reinforcement is required overall) but also the higher the intensity of the seismic 
action the higher its contribution to slope instability in comparison with the instability due to the presence of cracks 
and therefore the performance of slopes subject to strong earthquakes tends to be dominated by the intensity of the 
seismic acceleration rather than the presence or absence of cracks.  
In Figure 5 the design charts are provided for the case of LID reinforcement. The general trend of the lines is similar 
to the case of UD reinforcement. However, looking at the charts, the distance between lines obtained for various 
seismic intensities in case of LID reinforced slopes is larger than the case of UD reinforced slopes so it can be 
concluded that the effect of seismic action is larger on LID reinforced slopes than on UD reinforced ones.    
 
    
    
Fig. 5. Normalized required reinforcement versus normalised soil cohesion for a slope with ϕ=20˚ and linearly increasing distribution of 
reinforcement: (a) for β=45˚, (b) for β=60˚, (c) for β=75˚, and (d) for β=90˚. 
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4. Conclusions 
A semi-analytical method for the design of geo-reinforcement in uniform c-I slopes subject to seismic action was 
presented. The method accounts for the presence of cracks which are a very common occurrence in cohesive soils and 
may have a significant detrimental effect on the stability of slopes. Design charts were presented which provide lower 
bounds on the required level of geosynthetic reinforcement as a function of slope inclination, soil strength parameters 
(angle of shearing resistance, cohesion, and tensile strength) and level of seismic pseudostatic acceleration. 
The main findings emerging from the design charts are that i) seismic action affects gentler slopes to a much greater 
extent than steep slopes so that even for high levels of cohesions the reinforcement required for stability may be 
significantly higher; ii) seismic action tends to reduce the influence of pre-existing cracks on slope stability since the 
performance of slopes subject to strong earthquakes tends to be dominated by the intensity of the seismic acceleration 
rather than the presence or absence of cracks ; iii) the effect of seismic action is larger on LID reinforced slopes than 
on UD reinforced ones. 
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